The unstable Adams-Novikov spectral sequence for a space X is a sequence of groups {E r (X)} 9 r = 2, 3,..., which converge to the homotopy groups of X, and whose £ 2 " term depends on the complex cobordism groups of X. We investigate this spectral sequence when X is the infinite special unitary group SU, or one of the finite groups SU(n), or when X is an odd sphere S 2 " +1 .
The unstable Adams-Novikov spectral sequence for a space X is a sequence of groups {E r (X)} 9 r = 2, 3,..., which converge to the homotopy groups of X, and whose £ 2 " term depends on the complex cobordism groups of X. We investigate this spectral sequence when X is the infinite special unitary group SU, or one of the finite groups SU(n), or when X is an odd sphere S 2 " +1 .
The reader is referred to [2] for the construction and properties of the unstable Adams-Novikov spectral sequence. For some purposes, it is convenient to localize at a prime p, in which case the complex cobordism homology theory, based on the spectrum MU, is replaced by Brown-Peterson homology, based on the spectrum BP. We then have a useful spectral sequence with many of the properties of the stable Adams-Novikov spectral sequence. Namely, the nitrations are less than or equal to the filtrations in the unstable Adams spectral sequence based on mod-p homology. When X is a space for which H*(X; BP) is free over the coefficient ring n*(BP) and cofree as a coalgebra, then the E 2 -term is isomorphic to an Ext group in an abelian category (see §2; also [2, § 7] ). Furthermore, this Ext group may be computed as the homology of an unstable cobar complex which we describe explicitly in Section 2. In particular, these considerations apply to the cases X = SU, X = SU(ri), or X = S 2n+1 .
We first consider the situation where X is a p-local H-space with torsion-free homotopy and torsion-free homology. The results of Wilson [10] and the general properties of the spectral sequence imply that the spectral sequence collapses, with E^*(X)^n 4t (X}. In this case, the homotopy groups of X (and even the homotopy type of X) are determined by the module of primitives PH*(X; BP) as an unstable F-comodule (see §3). In particular, this is true for X = SU. We also give an explicit description of the generators of £ §'%$[/).
In Section 4, we consider the case X = SU(n). We compute E^*(SU(n)) 9 which gives information about the pullback of the groups n 2k (SU(k)) to n 2k (SU(ri)) for n<k. We also compute the kernel of the map £f'*(Sl/(«))-» E%'*(SU(n + lJ). In the case of an odd prime p, the non-zero elements in this kernel survive to E^*(SU(n)) to give elements in homotopy related to the unstable image of the J-homomorphism. There is a similar but more complicated result for p = 2.
In Section 5, we give a vanishing line for £f' r (S' 2w+1 ), and also for
E s 2 ft (SU(n)).
We then show that in a range of dimensions, n% (S 2n+1 ) and n*(SU(n)) may be computed as Ext groups in the category of unstable F-comodules. These calculations agree with, and extend those of Zabrodsky [11] , and Mimura, Nishida and Toda [7] . Throughout the paper, space means simply connected Hausdorff topological space with basepoint, and map means continuous function preserving basepoint. The homotopy relation for spaces and maps is ~. The smash product is denoted by A . In an algebraic situation, homomorphism means that the algebraic structure is preserved, and « means a homomorphism which is an isomorphism onto. The ring of integers is denoted by Z, and the rational numbers by Q. For a prime number p 9 the ring of integers localized at p is Z (p) . Except for 4.10(3) all spaces are assumed to be p-localized. For an integer w, the ring of integers modulo n is Z n .
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In this section, we summarize the main results of [2] , which gives the construction and main properties of the unstable Adams-Novikov spectral sequence. When a prime p is fixed, BP refers to the Brown-Peterson spectrum associated with p. For a space X, the (reduced) homology groups of X with coefficients in BP are denoted by H^(X; BP). The coefficient ring n*(BP) is called A, and the ring of co-operations n*(BP A BP) is called F (F is the BPanalogue of the dual of the Steenrod algebra).
The spectrum BP defines a functor BP( • ) from spaces to spaces by
BP(X)=limQ n (BP n AX).

n-*oo
The unit in BP is a map i: S-+BP of the sphere spectrum S to BP 5 which gives a map
ri = ri(X):X-»BP(X).
This where rj R is the right unit map. The elements ra 0 and t 0 are to be interpreted as 1. Then the Hazewinkel elements v t are defined recursively by the formula:
It is shown in [5] that the t; f are in the image of the Hurewicz homomorphism n* (BP)-*H*(BP; Z^) 9 which is a monomorphism, so the v t may be considered to be in n* (BP) also. Then where the coefficients a itj belong to A 2i+ 2j-2-As in [1] , let log be the formal power series (over A®Q):
Let exp be the formal power series inverse to log, which satisfies log(expZ) = X. Then
The formal group law F is associative and commutative. Elements z i from F may be substituted for the undeterminates, and we write £]
...)). Then formula (2.5) becomes
There is a canonical anti-automorphism c: F-»F, which satisfies cri L = rj R and cq R = q L . This gives a formal group law F* conjugate to F, defined by the formula: An easy induction using (2.12) shows that ^®1 takes 17(M) to U 2 (M), and hence induces a map
There is also a counit map A module M in j& with a [/-structure will be called an unstable F-comodule (see [2, (7.4 
)]). This means that there is a map \l/: M-+U(M) such that the following diagrams commute :
The category of unstable F-comodules will be called ^ (91 is called jtf(U) in [2] ). By construction ^ is an abelian category. To simplify notation, we shall write
for M in ^r. These Ext groups may be calculated as the homology groups of an unstable cobar complex C*»*(M). Specifically, for each pair (s, f) of nonnegative integers,
As is customary, we write [y 1 \ ••• \ y s ]m for the element yi®~-®y s ®m in U S (M).
The complementary degree t of such an element is the integer
The differential is given by
where
Remark 2 B 16 B As in the stable ease, there is a smaller "normalized" cobar complex C*'*(M). This is obtained from the functor
by The inclusion C(M)-»C(M) is a chain equivalence. This gives the following "easy" vanishing line.
Proposition 2.17, // M is a k-connected unstable F-comodule, then
The proof is immediate because
This vanishing line will be improved in Section 5. §3o The Spectral Sequence for SU When the space X is SU (=the infinite special unitary group), the unstable Adams-Novikov spectral sequence simplifies considerably, as shown below; compare with the unstable spectral sequence for SU based on mod p homology in [4, p. 191] . In fact, we have the following general result. 9 for 5 = 0, 0, for s>0.
Before giving the proof of Theorem 3.1, we recall the results of Wilson [10] which are the main ingredients of the proof.
Wilson's Spaces Y k (3.2). There are indecomposable ^/-spaces 7 fc (/c = l, 2, ...), which have the following properties.
( 9 then/is a homotopy equivalence.
(iv) If X is a H-space with torsion-free homology and torsion-free homotopy, then X is a product of the Y k s:
(but not necessarily as H-spaces).
(v) Let BP k be the k-th space in the £2-spectrum for BP. Then there are maps i and j where j°i is a homotopy equivalence. Moreover we may consider BP k = Y k xZ where Z is a space at least fc-connected.
Proof of Theorem 3.L For each of the spaces Y k9 consider the following homotopy-commutative diagram :
where n' = rj(Y k ) 9 
r] = rj(BP k ); the map ^ is induced by the product in BP, and ft' =jofj,oBP(i).
The properties of BP as a ring spectrum imply that /^ is a homotopy equivalence. Hence II'°Y\' induces n k (Y k )^n k (Y k ) 9 and so by (3.2, (in)) must be a homotopy equivalence. By the construction (2.1) or [2, (2.4)] this implies that the spectral sequence for Y k collapses. It follows that for any product of the 7 fc 's, the spectral sequence collapses. By (3.2, (iv)) 9 X is such a space, so the spectral sequence collapses for X.
Q. E. D, 
Consider the fibration
Passing to BP* -homology, and then taking primitives, we obtain a short exact sequence of unstable F-comodules :
This induces a long exact sequence of Ext groups, which, after identifying them as £ 2 -terms, becomes
where d has bidegree (1, 0). The indexing (s, t) is such that t-s is the homotopy dimension, whereas in [2] , as in the stable case (e.g. [6] ), t-s is stem dimension.
Proof. Statements (i) and (ii) follow immediately from the long exact sequences (4.1), the easy vanishing line (2.17) for £f' f (S 2n+1 ), and the calculation of E §'*(Sl/)-Part (iii) follows from (3.5) and (4.1). Part (iv) follows from (4.1) and the fact that £g' f (S 2w+1 ) = 0, for t^2n + l.
Q. E. D.
The calculation of the rest of the 1-line for SU(ri) is the calculation of which elements of E 2 ' 2k+1 (SU(k)) pull back to Ep* +1 (Sl/(n)), for n<k. The difficulty in working directly with the cobar complex C*'*(M(n)) is the formal sum which occurs in the expression for the differential. That is,
To overcome this difficulty, we introduce a map e: F-+Q as follows. From Section 2, we see that F® Z Q is a polynomial algebra over Q generated by the m k and the rj R (m k ), k=i, 2,... . 
Lemma 4.4. For the Hazewinkel elements v t in F, we have e(y 1
Proof. u l =pm l9 so e(v^) = \. For />!, the v t are defined by formula (2.4), and it follows by induction on / that e(vi) = Q for f>l.
Q.E. D.
In the unstable cobar complex C*'*(S 2B+1 ), we have O* (S 2n+1 )&A.
For a in A, d(a) = r] R (a) -a, so Therefore, e(d(A))c=.Z (p y
Passing to the homology of the unstable cobar complex, we obtain a well-defined map which is (up to sign) an unstable analogue of the complex Adams e-invariant localized at p. The description of E\>*(S 2n+l ) in [2, §9] shows that e is a monomorphism. Thus the order of any element a in EJ»*(S 2w+1 ) is the same as the order of e(a) in Q/Z^. The properties of e which will be used in the proof of (4.7) are the following. Recall from (2.9) that h k = c(t k ), where c is the canonical anti-automorphism. 
where y kj = (X F * hs)i-j-The long exact sequence (4.1) shows that the homology class of g k generates £=P* +1 (SC7(fe)).
Next, let integers T fc (n) for l^n<k and rational numbers a kj (ri) for 1 g n /c, all 1 ^ j, be defined as follows. First, let a kj (k) = e(y k>j ). Then recursively for 1 <£ n < k, let 
From these calculations, we can determine the kernel of the homomorphism £ §•* (Sl/(n))-»Ei'* (SL7(n + 1)) .
Recall from [2] , that JE^' 2fc+1 (S 2 " +1 ) is shown to be a cyclic group of order Proof. From the long exact sequence (4.1), we must determine the cokernel of
We have calculated that for k<n 9 the order of the image is i k (n). Therefore the cokernel has order G k (ri)lt k (n) as asserted.
Q. E. D.
Remark 4.9. The results of Bousfield [3] concerning products in the unstable homotopy spectral sequence with coefficients in a ring may be generalized to a ring spectrum (in place of the ring). The statements of [3, (8. 2)] apply to our situation. In particular, the differentials are seen to act as derivations with respect to the action of Ef'*(S 2n+l ) on E*'*(S[/(n)). The coboundary map In this section, we describe a method of making resolutions of unstable F-comodules which are convenient for calculations. We use these resolutions to establish vanishing lines for unstable Ext groups. In particular, we give a vanishing line for £f »*(S 2n+1 ). We also make some calculations of E 2 2^( S 2n+l )
in low stems, which together with the calculations of E^'*(S 2 " +1 ) of [2] , give some of the unstable groups n*(S 2n+1 ). where, for each i^O, d is the map Then, by standard homological algebra in the abelian category <%, we have :
Our next step is to find convenient resolutions for certain kinds of modules.
Definition 5.5. An ^4-module M is called quasi-free if M&F/R where F is a free y4-module with homogeneous basis {xj, and R is a sub-y4-module of F which is generated by homogeneous elements {r}, each of which is of the form [12] ). Assume inductively that (5.7) holds for connectivity g: fc and let M be an unstable F-comodule, quasi-free as an ^-module, with connectivity (M) = /c~-l, and k^.2p -l. We construct an acyclic resolution of M by models as follows.
Let For s ^ 3 9 we have isomorphisms
The statement of (5.7) follows by induction. Q. E. D. Proof. This is the statement of (5.10) with k= 1 . Q. E. D.
Remarks 5.12. (i) In [7] , spaces B m (k) are constructed, with (In [7] , B m (k) is denoted B^(p).) As a consequence of [7, (3.5) ], the unstable Adams-No vikov spectral sequence for SU(n) breaks up into a direct sum of (p -1) spectral sequences, with Remarks 5.15. The above applies to any space X such that H%(Xi BP) is free as an ^4-module and cofree as a coalgebra, and such that PH#(X; BP) as an unstable F-comodule is isomorphic to a direct sum of M m (fc)'s. In particular, for p an odd prime, by [7; (4.1) ], these methods apply to Spin (n) and to Sp(ri).
We leave the details to the reader.
To illustrate the method (5.7) of resolving unstable T-comodules, we show the following (see [9; (7.1)]). 2n+1 ) is generated by the classes {v\y} (except when n = l 9 and k = p-1, in which case pv{~ly is the generator). These classes have the orders asserted in (5.14, (i)). Also, in the range t < 2p 2 + 2n -2, E^l (S 2n+l ) is generated by
